The analytical solution are derived for a general 3-D helical curved beam. The equilibrium equations are listed as twelve ordinary differential equations. All force, moment, rotation and displacement components form a set of differential equations of the same pattern. Once the curvature and torsion are specified, the analytical solutions can be derived, if the pattern of differential equations can be solved. Helical curved is found to be solvable. The analytical solutions of 2-D curves of circular, elliptical, cycloid, cantenry, parabolic curves are demonstrated here. The analytical solution of 3-D helical curve with variable curvature is also demonstrated.
Introduction
There are numerous studies of curved beams. Most studies were restricted to 2-D plane curved beams. The main topic of curve beams is circular beams. Kim et. al. [1] adapted an improved formulation of non-symmetric thin walled curved beams. He defined the warping function. Irie [2] studied the out of plane vibration of circular arcs under all combination of boundary conditions. Huang et. al. [3] used the Laplace transform to study a transient response of circular arches subjected to a point load.
One of the widely used assumption or restriction of curved beam analysis is the inextensional assumption. This assumption assumes that there is no extension or tangential strain at the centroid curve axis. Inextensional assumption or restriction can reduce the complexity of mathematical formulation. Archer [4] studied the damping effect of an inextensional incomplete circular ring. Nelson [5] studied the in plane vibration of a simply supported circular ring segment. He investigated the accuracy of natural frequencies based on inextensional assumption to the results of extensional ring. The approximation was adequate for engineering purposes. David [6] derived an element for circular structures. He used the exact solutions of a segment of circular arch as an element. The inextensional assumption was applied.
Some researches were related to varied curvature curved beams. Lee et. al. [7] numerically solved the parabolic and elliptic rings at various constraints. However he ignored the strain due to varied curvature. Tse [8] used elliptic integrals together with inextensional assumption to derive large deflection of orthotropic laminated circular springs. He [9] extended more in experimental studies of large deflections of circular composite spring with a flat contact surface. Gutierrez et. al. [10] studied a family of noncircular arcs of non-uniform cross section. Those arcs included parabola, catenary, spiral, and cycloid arches. Wang et. al. [11, 12] studied the lowest natural frequencies of parabolic and elliptic arcs by Rayleigh-Ritz method. Sakiyama [13] studied the varied cross sections of circular, parabolic arches. A suitable weighted function was applied to match varied curvature of The centroid axis is denoted by L (Fig. 1 ). At any cross section perpendicular to centroid axis, the unit tangent vector is denoted by i 1, the unit normal vector is denoted by i 2 and the unit binormal vector is denoted by i 3 . The projection of an arc length element dS of a 3-D curve on x-y plane is denoted by ds. The projection of L on x-y plane is L. The tangent angle of ds on L is denoted by α, and its radius of curvature is expressed by R. Hence the unit tangent vector i 1 is found by
where r is the position vector of any point at centroid axis. The unit normal vector i 2 and binormal vector i 3 are then defined by , ,
where κ 1 is the curvature and κ 2 is the torsion. Here in this research, the curve of
is defined as a helical curve if x(s), y(s) are periodic function of s on x-y plane, and c is a constant which represents the slope of the helical curve. Some examples of curves are shown in Fig. 2 . The curve can be the centroid axis of a curved beam. Hence it can represent a variety of curved beams. In Fig. 2(a) , the projection on x-y plane is a circle. All others are not. It is noted that the pitch of helical curve must be proportional to arc length on x-y plane. If c is a constant, it means the height of z-coordinate is linear with respect to the arc length on x-y plane. It turns out a constant pitch helical curve. If c is not a constant, it may be a varied pitch helical curve. Here the object is to focus on constant pitch but varying curvature. 
The torsion can be expressed as
Hence it shows that for a helical curve, the torsion κ 2 is proportional to the curvature κ 1 in the rate of c which means the rising angle along z-direction per unit arc length on x-y plane. 
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where K is a skew matrix. The derivative of e is then 
where M is the moment resultant vector and m is the external distributed moment vector. 
Eq. (15) is the solution of moment of resultant in general form. It is purely a force, moment balance integration based on Cartesian coordinate system. Once i is assigned (or the curve of centroid axis is assigned), the integration can be evaluated. The integration may not be analytical. It may develop a program so that the integration can be calculated numerically. In this research, only helical curves will be investigated.
To derive the generalized strain and rotation, choose e components, and evaluate the virtual work of the whole beam. In generalized coordinates, the strain-displacement relationship yields 
This form is the same as the form by Yu [19] . The stress resultants and moments are defined as , , ,
where the stress-strain linear elastic relationship is
The moments are defined as . , , ) (
Consider a cross section which is symmetric with respect to x 2 , x 3 axes. The possible cross sections are such as circle, rectangular. Assume along the centroid axis, the cross section is uniform. Due to symmetry, the principal axes e 2 , e 3 are coinciding with normal vector i 2 and binormal vector i 3 . After integration, Since all relationship Eqs. (12, 16) are first order differential equations, each condition of every component is needed. Substituting six constitutive equations into displacement and strain relationship equations, six constitutive equations will be diminished. To solve the system of twelve differential equations, the type of differential equations is solved in Appendix A. In Eqs. (12, 16) , the force, moment, rotation angle, displacement components all have the similar homogeneous solutions. In Eq. (12.a), the distributed load is the particular solution of the force components and the distributed moment and force components are the particular solution of the moment components. Then the moment components play again as the particular solutions of rotation angle. Finally the rotation angles become the particular solution of displacement components. Since all the terms can be integrated, the analytical solution theoretically can be written as an explicit form. Due to several times of integrations, the terms become tedious to list.
To close this chapter, it is necessary to check the equations with the existed 2-D studies. If the curve is on x-y plane, κ 2 =0, κ 1 =κ. The equations can be reduced to the equations in Huang [3] in 2-D in plane analysis. The equations can be reduced to the equations in Huang [23] for the out of plane analysis. It shows the equations discussed here can cover all the 2-D equations of either on plane analysis or out of plane analysis.
2-D in plane study

Pure bending
Consider a 2-D curved beam on x-y plane as in Fig. 4 , which is symmetric to vertical y-axis and extended from α = -γ to α = γ. A pair of moments -M o is applied at two free ends. Since only pure bending moments are applied, the boundary conditions at α=0 are u 1 (0)=0, u 2 (0)=0, φ 3 (0)=0, at the end angle α=γ,
Then the solutions of Eqs. (12, 16, 18, 22) can be simplified to
where I x ,I y the first moment of arc length with respect to x, y axes, respectively are defined by
Eqs. (24) are the most general solutions of the resultants and displacements of curved beams under pure bending. Some interesting examples of parabolic, catenary, cycloid, elliptical curves are shown in Table 1 . The variable R o is a referential radius. 
To demonstrate the validity of the result, the solutions by various methods are compared. Consider a couple of concentrated moment M 0 are applied to a circular ring with radius R 0 . The free end M 0 is applied at α=π/2. Assume at α= 0, the displacements are vanished. It is due to the concern of symmetry. The analytical solutions of u 2 by Langharr [24] , Timoshenko [25] and by Castigliano's theorem are shown in Table 2 To recheck the result based on 3-D theory, the results by ANSYS and Castigliano's theorem are demonstrated in Table 3 and Table 4 . The error between the present result and the result by ANSYS is around 1%. -0.34738×10 -6 Error(%) 0 1.0256 -0.60865×10 -6 Error(%) 0 1.0359
Close elliptical rings symmetrical to two principal axes
Consider a close elliptical ring under a point load P on two reversed points shown in 
With the help of Eqs. (12, 22) , the resultant reactions can be solved as
The reaction of moment M(0)=M 0 is then
This solution is for all curved beams which have two symmetric axes. Once the curvature is assigned, the reaction can be found straightforward. Since x coordinate is positive, the minimum negative moment is M 0 . With the help of Eq. (29), at α = π/2, the maximum moment is M(π/2), where
Once the curvature is given, the geometric moments of the curve to the x, y axes can be found. The reaction moment can be written explicitly as Table 5 shows the moment reactions of various ratio of radii. To demonstrate the 2-D out of plane analysis, a cantilever curved beam that is κ 2 =0, on 2-D x-y plane extended form α=0 to α=π/2 is considered. The cantilever curved beam is fixed at α=0, and a concentrated torque is applied at the free end α=π/2. The curved beam can be extended in any region, but to demonstrate the solution, the specified extended angles will make solution simple. Since at fixed end α=0, Table 6 . shows some results of circular, cycloid, star shaped curved beams.
2-D out-of-plane analysis
F 1 = F 2 = F 3 =0,
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3-D helical curved beam
The displacements are due to u 1 (0)=u 2 (0)=u 3 (Fig. 7) The deformed shape of a circular curve beam under a concentrated moment is shown in Fig. 8 . To show the consistency, the ANSYS result is shown in Table 8 . It shows that the difference is less than 1%. One application such as a coil spring, the tip displacements are shown in Table 9 . Error(%) 0.0152 
Conclusion
In this research, the analytical solution are derived for a general 3-D helical curved beam. The equilibrium equations are listed as twelve ordinary differential equations with twelve variables: six force components and six displacement components. All force, moment, rotation and displacement components form a set of differential equations of the same pattern. All components have the similar homogenous solutions. Force components become the particular solution to moment components. Moment components play as the particular solutions to rotation angles and rotation angles becomes the particular solution to displacements. Once the curvature and torsion are specified, the analytical solutions can be derived, if the pattern of differential equations can be solved. Otherwise the system equation must be solved numerically. Helical curved is found to be solvable. The three more constants A 1 , A 2 , A 3 are constants to be solved by suitable boundary condition.
